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YAMABE INVARIANTS AND THE Pin-(2)-MONOPOLE 

EQUATIONS 

MASASHI ISHIDA, SHINICHIROH MATSUO, AND NOBUHIRO NAKAMURA 


Abstract. We compute the Yamabe invariants for a new infinite class of 
closed 4-dimensional manifolds by using a “twisted” version of the Seiberg- 
Witten equations, the Pin“ (2)-monopole equations. The same technique also 
provides a new obstruction to the existence of Einstein metrics or long-time 
solutions of the normalised Ricci flow with uniformly bounded scalar curvature. 


1. Introduction 


The Yamabe invariant is a diffeomorphism invariant of smooth manifolds, which 
arises from a variational problem for the total scalar curvature of Riemannian met¬ 
rics. The Pin” (2)-monopole equations are a “twisted” version of the Seiberg-Witten 
equations. In this paper we will compute the Yamabe invariants for a new infinite 
class of closed 4-dimensional manifolds by using the Pin”(2)-monopole equations. 

We begin by recalling the Yamabe invariairt. Let A be a closed, oriented, con¬ 
nected manifold of dim A = m > 3, and A4{X) the space of all smooth Riemannian 
metrics on A. For each metric g £ A4(A), we denote by Sg the scalar curvature 
and by dfj,g the volume form. Then the normalised Einstein-Hilbert functional 
Ex : M{X) —>• R is defined by 


Ex'- g^ 


fx ^9 

(Ix ^d'g) 


The classical Yamabe problem is to find a metric g in a given conformal class 
C such that the normalised Einstein-Hilbert functional attains its minimum on 
C: Ex{g) = inig^c Ex{g)- This minimising metric g is called a Yamabe metric, 
and a conformal invariant y{X,C) := Ex{g) the Yamabe constant. We define a 
diffeomorphism invariant V(A) by the supremum of y{X,C) of all the conformal 
classes C on A: 


y[X) :=supV(A,C) 
c 


sup inf 
C a 


fx ^3 

(fx ^d'g) 


We call it the Yamabe invariant of A; it is also referred to as the cr-constant. See 
[TC] and pS] . 

It is a natural problem to compute the Yamabe invariant. In dimension 4, 
Seiberg-Witten theory and LeBrun’s curvature estimates have played a prominent 
role in this problem. LeBrun used the ordinary Seiberg-Witten equations to com¬ 
pute the Yamabe invariants of most algebraic surfaces [niiin]- In particular, he 
showed that a compact Kahler surface is of general type if and only if its Yamabe 
invariant is negative. He also showed V(CP^) = I2-\/27r via the perturbed Seiberg- 
Witten equations m- Bauer and Furuta’s stable cohomotopy Seiberg-Witten in¬ 
variant [2] or Sasahira’s spin bordism Seiberg-Witten invariant [27) enable us to 
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compute the Yamabe invariants of connected sums of some compact Kahler sur¬ 
faces [IMSIIIZ]- In this paper, we will employ a recently introduced “twisted” 
version of the Seiberg-Witten invariant, the Pin~(2)-monopole invariant |25) . to 
compute the Yamabe invariants for a new infinite class of 4-dimensional manifolds. 
The advantage of using this new invariant lies in the fact that it can be non-trivial 
even when the ordinary Seiberg-Witten invariants, the spin bordism Seiberg-Witten 
invariants, and the stable cohomotopy Seiberg-Witten invariants all vanish. Exam¬ 
ple |6] lies at the heart of this paper. 

We now state the main theorems of this paper. In what follows, x(Y) and 
t{X) denote the Euler number and the signature of a manifold X respectively, and 
mX := Y# • • • #Y denotes the m-fold connected sum. 

Theorem 1. Let M be a compact, connected, minimal Kahler surface withb^{M) > 
2 and c\{M) = 2x{M) + 3t(M) > 0. Let N be a closed, oriented, connected 4- 
manifold with b+{N) = 0 and y{N) > 0. Let Z be a connected sum of arbitrary 
positive number of A-manifolds, each of which belongs to one of the following types: 

(1) 5”^ X E, where T, is a compact Riemann surface with positive genus, or 

(2) X Y , where Y is a closed oriented 3-manifold with y(Y) > 0. 

The Yamabe invariant of the connected sum MffNffZ is equal to 

Theorem 2. Let M be an Enriques surface. Let N and Z satisfy the assumptions 
in T/ieorem [7J The Yamabe invariant of MffNffZ is equal to 0. 

The key ingredients of the proofs are Proposition [5] and Proposition [T^ the non¬ 
vanishing of the Pin“(2)-monopole invariants of MffNjfZ. We emphasise that the 
ordinary Seiberg-Witten invariants, the spin bordism Seiberg-Witten invariants, 
and the stable cohomotopy Seiberg-Witten invariants all vanish if Z contains at 
least one x E as a connected-summand. 

Much more subtle is the following theorem. In general, the moduli spaces of the 
Pin~(2)-monopole equations are, in contrast to ordinary Seiberg-Witten theory, not 
orientable, and only Z 2 -valued invariants are defined; these invariants are powerful 
enough to prove the theorems above. 

Theorem 3. Let M he an Enriques surface. Let N be a closed, oriented, connected 
A-manifold with &+(7V) = 0 and y{N) > 0. For any m > 2, the Yamabe invariant 
of mMffN is equal to 0; moreover, it does not admit Riemannian metrics of non¬ 
negative scalar curvature. 

The ordinary Seiberg-Witten invariants of mM are trivial; furthermore, its Z 2 - 
valued Pin“(2)-monopole invariants are also trivial [3S1 Theorem 1.13]. We need 
refined Z-valued Pin~(2)-monopole invariants to prove the last theorem. 

Acknowledgement. The authors gratefully acknowledge the many helpful sugges¬ 
tions of the anonymous referee. The first author is supported in part by Grant-in- 
Aid for Scientific Research (C) 25400074. The second author is supported in part 
by Grant-in-Aid for Young Scientists (B) 25800045. The third author is supported 
in part by Grant-in-Aid for Scientific Research (G) 25400096. 

2. The Pin“(2)-MONOPOLE equations and LeBrUN’S curvature ESTIMATES 

2.1. The Pin“(2)-monopole equations. We briefly review Pin“(2)-monopole 
theory; for a thorough treatment, we refer the reader to [^125) . 

Let Y be a closed, oriented, connected 4-manifold. Fix a Riemannian metric g on 
Y. Let Y —>• Y be an unbranched double cover, and I := X X{±i} Z its associated 
local system. Let := ranki7-^(Y;f) and &+(A) := rankiJ+(Y;£). Recall 
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that Pin“(2) ;= U(l) UjU{l) C Sp(l) and Spin'^“(4) := Spin(4) Pin“(2). A 

Spin'^“-structure on A —7> X is defined to be a triple s = {P, a, t), where 

• P is a Spin'^“(4)-bundle on X, 

• tr is an isomorphism between X and P/Spin'^(4), and 

• r is an isomorphism between the frame bundle of X and P/Pin~(2). 

We call the associated 0(2)-bundle E := P/Spin(4) the characteristic bundle of a 
Spin'^“-structure s = {P,a,T), and denote its PcoefRcient Euler class by ci(5) G 
H'^{X;i). If A —>■ A is trivial, any Spin'^“-structure on A —>■ A canonically induces 
a Spin°-structure on A [5S1 2(iv)]. 

Spin'^“-structures are in many ways like Spin'^-structures: The Spin'^“-structure 
s on A —)> A determines a triple , S~, p), where are the spinor bundles 
on A and p: n^(A;f 0 v/—HR) —Hom(S'+,S'“) is the Clifford multiplication. 
An 0(2)-connection A on P gives a Dirac operator Da - r(S'“'') — >■ r(iS'“). Note 
that G D+(A;t' 0 y^lR). The canonical real quadratic map is denoted by 
q: S+ ^ D+(A;£(g) V^R)- 

We denote by A the space of 0(2)-connections on E. Let C := A x r(S'+) and 
C* := A X (r(5'+) \ {0}). We define the Pin“(2)-monopole equations to be 

r Da^ = 0 
I ip+ = g(4>) 

for (A, $) G C. The gauge group Q := r(A X{±i} U(l)) acts on the set of solutions 
of these equations; the moduli space is defined to be the set of solutions modulo Q. 
The formal dimension of the moduli space is given by 

d(s) := - r(A)) - {b%{X) - b\{X) + 6g(A)). 

Note that b^^X) = 0 if A is non-trivial. 

Let B* := C*/Q be the irreducible configuration space. As in ordinary Seiberg- 
Witten theory, we can define the Pin~ (2)-monopole invariant 

SwP“"(2)(a,s): H‘^^^\B*-Z2) ^1.2 

via intersection theory on the moduli space. In contrast to ordinary Seiberg-Witten 
theory, a moduli space of solutions of the Pin” (2)-monopole equations might not 
be orientable, and thus the invariant is, in general, Z 2 -valued. We remark, however, 
that, in the case of Theorem [31 the moduli spaces are orientable, and we will use 
the refined Z-valued invariant [331 Theorem 1.13]. 

Example 4. Let be a non-trivial double cover, and € := P2 Z its 

associated local system. Set E := T^# • • • #T'^. The connected sum - gives 

a local system on E. We define a local system fs on 5^ x E by the pull-back of 
by the projection x E —E. Then, we have 

X E) = X E) = X E) = 0 

b{^iS^ xE) = bi^iS^ xE)=x{E). 

In particular, x E) = 0, while b+{S'^ x E) > 0. 

Example 5. Let E be a closed oriented 3-manifold. Let —>■ 5^ be a connected 
double cover. We define a non-trivial double cover S'! x A —>■ 5^ x A by the pull¬ 
back of by the projection 5^ x A —>• S'^, and denote by fg! its associated local 
system. Then, we have b^A (pi x A) = 0 for all j = 0,..., 4. 
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Example 6. Let Z he a connected sum 

Z := (52 X El# ... #52 X S„)#(^i X El# ... #51 X Yj,, 

where each S^- is a Riemann surface of positive genus and each is a closed oriented 
3-manifold. We define a non-trivial double cover Z ^ Z hy the connected sum of 
5'2 X Ej and x in Example S] and [SJ and denote by iz its associated local 
system. We emphasise that (Z) = 0, even if b^{Z) > 0. It follows that Ci(s) is 
a torsion class for every Spin°“-structure s on Z ^ Z. See [Ul Theorem 1.7]. 

2.2. LeBrun’s curvature estimates. 

Definition 7. Let X be a closed, oriented, connected 4-manifold. Assume that X 
has a non-trivial double cover X ^ X with 6+(A) > 2, where i := X x±i Z. A 
cohomology class a € H^{X;i)/ToT is called a Pin“(2)-basic class if there exists 
a Spin°“-structure s on X ^ X with Ci(s) = a modulo torsions for which the 
Pin~(2)-monopole invariant is non-trivial. 

As in ordinary Seiberg-Witten theory, if X has a Pin“(2)-basic class, the cor¬ 
responding Pin“(2)-monopole equations have at least one solution for every Rie- 
mannian metric; hence, X does not admit Riemannian metrics of positive scalar 
curvature. We have, moreover, LeBrun’s curvature estimates, which we will explain. 
In what follows, given a Riemannian metric g on A, we identify H‘^{X;£ ® K) with 
the space of ^coefficient g-harmonic 2-forms, and denote by a +9 the g-self-dual 
part of a G H'^{X;£)/Tot C H'^{X-,£ Z> R). 

Propositions. Let X be a closed, oriented, connected A-manifold. Assume that X 
has a non-trivial double cover tt: A —>■ A with 5!]_(A) > 2, where £ := X Z. 

If there exists a Pin~ {2)-basic class a G H^{X;£)/Tot, then the following hold for 
every Riemannian metric g on X: 

• The scalar curvature Sg of g satisfies 

(1) / Sgd/Tg > 327r^(a+»)^. 

Jx 

If a+s # 0, equality holds if and only if there exists an integrable complex 
structure on the double cover X compatible with the pulled-back metric g := 
TT*g such that the covering transformation A —>■ A is anti-holomorphic 
and the compatible Kdhler form ui satisfies l*uj = —u). 

• The scalar curvature Sg and the self-dual Weyl curvature of g satisfy 

( 2 ) [ {sg - V6\W+\f dpg > 

Jx 

If oA” # 0, equality holds if and only if the pulled-back metric g := x*g on X 
is an almost-Kdhler metric with almost-Kdhler form uj such that l*uj = —Cj. 

Proof. LeBrun’s arguments imEii or the perturbations introduced in [10] are easily 
adapted to prove (CD and m by using the Weitzenbock formulae of the Dirac op¬ 
erator for Spin'^“-spinors and the Hodge Laplacian for £-coe0icient self-dual forms. 

Assume that equality holds. We lift a solution {A, $) of the Pin” (2)-monopole 
equations on A to the double cover A. The lifted Spin'’’”-structure on A canonically 
reduces to a Spin'^’-structure, and the lifted solution {A, dl) can be identified with a 
solution of the ordinary Seiberg-Witten equations on A that satisfies 

/ = 327r^((7r*a)+s)^, or / (sg - V6|1T^|)^ d/ig = 727r^((7r*a)+«)^. 

Jx Jx 
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If the former (resp. latter) equality holds, the g-self-dual form w = •\/2*q($)/|g(<l>)| 
is a Kahler (resp. almost-Kahler) form compatible with g. See (T^l Proposition 
3.2 and Proposition 3.8]. Since q($) = Tr*q{^) and iq{^) € (X; 0 R), we have 

= —w. In the former case, moreover, i is anti-holomorphic because L*g = g. □ 

3. Gluing formulae and Pin“(2)-BASic classes 

Based on gluing formulae for the Pin“(2)-monopole invariant [33], we will estab¬ 
lish the existence of Pin“(2)-basic classes on some classes of closed 4-manifolds. 

3.1. Irreducible U(l) and reducible Pin”(2). We first establish a non-vanishing 
result based on a gluing formula for irreducible U(l)-monopoles and reducible 
Pin”(2)-monopoles [ISJ Theorem 3.8]. It will play a pivotal role in the proof of 
Theorem [TJ 

Proposition 9. Let M be a closed, oriented, connected A-manifold that satisfies 
the following: 

• > 2 , and 

• there exists a Spin'^-structure Sm such that ci(sm)^ = 2 x(M) and 

its ordinary Seiberg-Witten invariant is odd. 

Let N be a closed, oriented, connected A-manifold with b.^.{N) = 0. Let Z be a 
connected sum of arbitrary positive number of 4-manifolds, each of which belongs 
to one of the following types: 

(1) 5^ X E, where Y, is a compact Riemann surface with positive genus, 

(2) X Y, where Y is a elosed oriented 3-manifold. 

Set X := MffNffZ. Then, there exists a non-trivial double cover X ^ X and a 
Pin”(2)-&osJC class a G H^{X-,ix), where ix '■= X Xj^^j Z, such that 

(a+»)^ > 2x(M)-f 3 t(M) 
for any Riemannian metric g on X. 

Proof. Set Xi := MffN and X 2 := Z. We will apply [331 Theorem 3.8] to X = 
XiffX 2 as follows. 

We can choose a set of non-trivial smooth loops 71 ,..., 7 f, in X so that surgery 
along them produces a 4-manifold N' with bi{N') = 0 and 6 +(X') = 0. Conversely, 
we can find a set of homologically trivial embedded 2-spheres in N' so that surgery 
along them recovers N. We will identify with iI^(X';Z). 

Set X[ := MffN'. Let ei,...,efc be a set of generators for Z)/Tor 

relative to which the intersection form is diagonal [5]. By Froyshov’s generalised 
blow-up formula [9| Corollary 14.1.1], X[ has a Spin'^-structure s'^ such that 

Ci(Si) = ci(sm) + (iei -|- • • • -b ±efc), 

its ordinary Seiberg-Witten moduli space is 0-dimensional, and its ordinary Seiberg- 
Witten invariant is equal to that of (M,Sm)- Here, the signs of are arbitrary 
and independent of one another. 

By Ozsvath and Szabo’s surgery formula [331 Proposition 2.2], Xi has a Spin°- 
structure Si such that Ci(si) = ci(s)) and 

SWUH)(Xi,Si)(m(7i) • • • h^ilb)) = SWU(i)(X],s;)(l) 

for some homology orientation on X], where SW'^*-^^ denotes the ordinary Seiberg- 
Witten invariant and p,: iLi(Xi;Z) —>■ iL^(H*;Z) is a “/i-map” to the irreducible 
configuration space B* = 

We take a non-trivial double cover X 2 —)> X 2 as described in Example [31 and 
choose any Spin^”-structure S 2 on X 2 —>■ X 2 . Note that Ci(s 2 )^ = 0. 
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Set X := Xi^Xi4j^X2. It now follows from Theorem 3.8] that 
a := ci(sm) + (iei + • • • + ±6^) + Ci(s 2 ) 

is a Pin“(2)-basic class. Given a Riemannian metric g on X, we can choose the 
signs of ici so that 

(a+»)^ > (ci(sm) + ci(s 2))^ = 2x(M) + 3 t(M) 
holds [13 Corollary 11]. This completes the proof. □ 

3.2. Surgery formulae for the Pin”(2)-monopole invariant. We digress to 
generalise Ozsvath and Szabo’s surgery formula to the Pin~(2)-monopole invariant. 

We first describe a surgery formula for the Z 2 -valued Pin~(2)-monopole invari¬ 
ant, which will be used to prove Proposition |T3 Let X be a closed, oriented, con¬ 
nected 4-manifold and tt: X —>■ X a non-trivial double cover. Fix a Spin'^“-structure 
s on X —>■ X. Let S' C X be an embedded 2-sphere with zero self-intersection num¬ 
ber. Note that the restriction of s to a tubular neighbourhood of S is untwisted; 
therefore, it canonically induces a usual Spin'^-structure on the neighbourhood. We 
denote by X' the manifold obtained by surgery on S, and let C C X' be the core of 
the added x . The inverse image 7r“^(S) C X consists of disjoint embedded 
2-spheres Si and S 2 . Equivariant surgery on Si and S 2 produces a double covering 
X' X’. Let {Cl, C' 2 } := 7r-i(C) C X'. 

X \ {Si U S 2 } X' \ {Cl U C 2 } 

X \ S-^^ X' \ c. 

There is a unique Spin'^~-structure s' on X' —>■ X' with the property that 
® IX'\{CiUC2}^A\S “ ' 

Note that the restriction of s' to a tubular neighbourhood of C is untwisted; there¬ 
fore, it canonically induces a usual Spin'^-structure on the neighbourhood. We 
define a “/x-map” associated with s' by 

■ Hi{X'\ Z 2 ) —^ H^{13*\ Z 2 ), a I—> W2{£)/oi, 

where 8 is the universal characteristic 0(2)-bundle on X' x B*. 

Proposition 10. 

gwP“~(2)(x',s')(^ . fi£{C)) = SW^'"“(^Hx,s)(0 

for any ^ S H*{B*]'L 2 ). 

Proof. Fix a cylindrical-end metric on X\S modeld on the standard product metric 
on [0, 00) X S^ X S^. This metric on X \ S can be extended over both S^ x and 
X S^ to give metrics with non-negative scalar curvature. As noted above, the 
Spin‘^“-strucure s induces a usual Spin°-structure on a neighbourhood of S, and so 
does s' on a neighbourhood of C. Thus, the moduli spaces of solution of the Pin” (2)- 
monopole equations over x ^ x D^, and x can be identified with 
the moduli spaces of reducible solutions of the ordinary Seiberg-Witten equations. 
We also observe that each solution of the Pin”(2)-monopole equations on X and 
X' restricts to a solution of the ordinary Seiberg-Witten equations near S and C 
respectively. The rest of the proof runs parallel to that of [53 Proposition 2.2]. □ 
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We next describe a surgery formula for the Z-valued Pin” (2)-monopole invariant, 
which will be used to prove Theorem [31 Assume that the moduli space on (A,s) 
is orientable. As noted above, the restriction of s and that of s' canonically induce 
Spin°-structures on tubular neighbourhoods of S and C respectively. For a Spin°- 
structure, the determinant line bundle of its Dirac operators is always trivial. Then, 
by the excision property for the indices of families [71 7.1.3; [33 Lemma 6.10], we 
can show that the moduli space on (A', s') is also orientable. Consequently, if the 
Z-valued invariant SWg™ (A, s) is defined, so does SW^™ ^^^(A',s'). We define 
another “^-map” associated with s' by 

jls - ^ a^ci{£)/a, 

where I' := A' x±i Z. The proof of the following surgery formula also runs parallel 
to that of EHl Proposition 2.2]. 

Proposition 11. Assume that the moduli space on (A, s) is orientable. We have, 
for any ^ G H*{B*\Z), 

SwP”'(")(A',s')(^ • Af (C)) = SW^“’(")(A,s)(e) 

for some orientations on the moduli spaces. 

3.3. Irreducible Pin” (2) and reducible Pin” (2). We can establish another non¬ 
vanishing result based on a generalised blow-up formula for the Pin” (2)-monopole 
invariant E3 Theorem 3.9] and a gluing formula for irreducible Pin (2)-monopoles 
and reducible Pin”(2)-monopoles [33 Theorem 3.11] It will play a key role in the 
proof of Theorem [3 

Proposition 12. Let M be a closed, oriented, connected A-manifold that satisfies 
the following: 

• there exists a non-trivial double cover M ^ M with 5^ (M) > 2, where 
Im = M Xjj-ij. Z, and 

• there exists a -structure5 m on M ^ M such t/iot ci(sm)^ = 2x(M)-|- 

3t{M) and its Z^-valued Vm~ {2) -monopole invariant is non-trivial. 

Let N be a closed, oriented, connected A-manifold with b.^.{N) = 0. Let Z be a 
connected sum of arbitrary positive number of A-manifolds, each of which belongs 
to one of the following types: 

(1) 5^ X E, where 12 is a compact Riemann surface with positive genus, 

(2) X Y, where Y is a closed oriented i-manifold. 

Set X := MffNffZ. Then, there exist a non-trivial double cover A —>■ A and a 
Pm~{2)-basic class a G H'^{X;£x), where £x '■= X X|j_i} Z, such that 

(a+«)^ > 2x(M)-f 3 t(M) 

for any Riemannian metric on X. 

Proof. Set Ai := MffN and A 2 := 2'. We will first apply [33 Theorem 3.9] to 
Ai = MffN, and next Theorem 3.11] to A = XiffX 2 as follows. 

We can choose a set of non-trivial smooth loops 71 ,..., 7 ;, in A so that surgery 
along them produces a 4-manifold A' with 5i(A') = 0 and 6 +(A') = 0. Conversely, 
we can find a set of homologically trivial embedded 2-spheres in A' so that surgery 
along them recovers A. We will identify i7^(A;Z) with i7^(A';Z). 

Set X[ := MffN'. Let ei,...,efc be a set of generators for i7^(A'; Z)/Tor 
relative to which the intersection form is diagonal. By a generalised blow-up formula 
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for the Pin (2)-monopole invariant |251 Theorem 3.9], we have a double covering 
X[ X[ and a unique Spin'^“-structure on it such that 

Ci(Si) = ci(sm) + (ici + ■ ■ ■ + ±efe), 

its Pin~(2)-monopole moduli space is 0-dimensional, and its Pin~(2)-monopole 
invariant is equal to that of {M,Sm)- Here, the signs of are arbitrary and 
independent of one another. 

By Proposition [TUI we have a double covering Xi Xi and a unique Spin^“- 
structure Si on it such that ci(si) = ci(Si) and 

SwPin- (2) , Si) (71) • • • (76)) = SWP'"’ (X] , s'l) (1). 

We take a non-trivial double cover X 2 —>■ X 2 as described in Example [SI and 
choose any Spin°“-structure S 2 on X 2 —>■ W 2 . Note that Ci(s 2 )^ = 0. 

It now follows from [25l Theorem 3.11] that 

a := ci(sm) + (iei -I- • • ■ -b ±efc) -|- 01 ( 52 ) 

is a Pin~(2)-basic class. Given a Riemannian metric g on X, we can choose the 
signs of ici so that 

(a+«f > (ci(sm) +ci(s 2 ))^ = 2x(M) + 3t(M) 
holds m Corollary 11]. This completes the proof. □ 


4. Computations of the Yamabe invariant 


Let us recall that we have 


I,(X) := inf 
9 



{y(x))^ 

0 


if 3^(^) < 0 
if 3^(^) > 0 


for any closed oriented 4-manifold X lanoj. 


Proposition 13. Let M, N, and Z satisfy the assumptions in Proposition or 
Proposition^^ Set X = MffNffZ. Then, we have 

Is{X) > 32 tt^{2x{M)+3t(M)). 

Proof. Proposition |U] or Proposition 1121 and LeBrun’s curvature estimate ([T]) imply 
that 

I si dp.g > 327r2(a+«)2 > 32tt‘^{2x(M) + 3t(M)) 

Jx 

for any Riemannian metric g on X. □ 


Proof of Theorem]^ and Theorem\^ Let M, N, and Z satisfy the assumptions 
in Theorem [1] or Theorem m We have Xs(M) = 32tt‘^c\(M) by [HIIUD], and 
Xs(N) = Xs(Z) = 0 by assumption. We remark that an Enriques surface satisfies 
the assumption for M in Proposition |TU] by [UU] Theorem 1.3]. Set X := Mfj^NffZ. 
By Proposition [TUI we have 

Xs{X) > 32 t:^{2x(M) + 3t(M)) = 32x'^cl{M). 

On the other hand, by m Proposition 13], we have 

X,iX) < Xs{M) +X,{N) +Xs{Z) = 32 tt^cI{M). 

Since X has a Pin“(2)-basic class, y(X) < 0. Thus, 

y(X) = -iJXsiX) = -AttiJ2cI(M). 

This completes the proof. □ 
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Proof of Theorem[^ Let M be an Enriques surface. By Theorem 1.13], the 
Z-valued Pin~(2)-monopole invariant of mM is non-trivial for any m>2. 

If bi{N) = 0, by Theorem 3.9], the Z-valued Pin“(2)-monopole invariant 
of mMffN is non-trivial. We remark that Theorem 3.9] holds for the Z- 
valued Pin“(2)-monopole invariant. If bi{N) > 0, by using Proposition [TT] as in 
the proof of Proposition [9] or that of Proposition [121 we are reduced to the case 
when bi{N) = 0. Thus, the Z-valued Pin“(2)-monopole invariant of mMffN is 
non-trivial. In particular, we have 

y{mMffN) < 0. 

On the other hand, we have 

0 < Ts{mM#N) < mXs{M) +Ts{N) = 0 . 

Thus, y{mM#N) = 0. 

Since 2x{rnMffN) + 3T{mMffN) < 0, by the Hitchin-Thorpe inequality, it does 
not admit Ricci-flat metrics. Consequently, it does not admit Riemannian metrics 
of non-negative scalar curvature. □ 


5. Obstructions to Einstein metrics 

We begin by examining LeBrun’s inequalities (Cf. [211 Proposition 3.2]). 

Lemma 14. Let M, N, and Z satisfy the assumptions in Proposition\^ or Propo¬ 
sition \PA If equality holds in either (1^ or for some Riemannian metric g on 
X := MffNffZ, then 0 +® = 0. 

Proof. Suppose that equality holds and a+s ^ 0. Proposition [5] implies that 
the double cover X = MffZ admits an ahnost-Kahler structure; therefore, its 
ordinary Seiberg-Witten invariant is non-trivial [29] . On the other hand, X = 
MffMffNffNffZ or X = MffNffNffZff{S^ x S^) according as M satisfies the 
assumptions of Proposition 0 or those of Proposition [T^ in either case, X has at 
least two connected-summands with positive thus, its ordinary Seiberg-Witten 
invariant is trivial. This is a contradiction. □ 


Proposition 15. Let M, N, and Z satisfy the assumptions in Proposition\^ or 
Provosition\lA Then, we have a strict inequality 

for any Riemannian metric g on X := MffNffZ. 


Proof. Combined with Proposition |S] or Proposition 1121 the Cauchy-Schwarz in¬ 
equality and LeBrun’s curvature estimate ([2]) yield 


1 

Itt^ 




+ 2|W/p 


dflg> j^{Sg - VelW+lf dfig 


> ^(2x(M) + 3r(M)) 


for any Riemannian metric g on X (Cf. [HI Proposition 3.1]). 

We remark that X is not diffeomorphic to a finite quotient of a K3 surface or 
in particular, X does not admit a Ricci-flat anti-self-dual metric m- Suppose 
that equality holds for some Riemannian metric g on X. By Lemma 1141 we have 
a+9 = 0; therefore, Sg = = 0. Note that X does not admit a Riemannian metric 
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of positive scalar curvature by Proposition [5] or Proposition [TH Consequently, g is 
Ricci-flat and anti-self-dual. This is a contradiction. □ 


Proposition (TS] leads to a new obstruction to the existence of Einstein metrics 
(Cf. [131 Section 6]). 

Theorem 16. Let M, N, and Z satisfy the assumptions in Proposition\^ or Propo¬ 
sitional^ If X := MffNffZ admits an Einstein metric, then 

i (2x(M) + 3r(M)) > 4 - (2x(iV#Z) + 3r(7V#Z)). 

Proof. We first note that 

2x(X) + 3 t(X) = 2(x(M) + xiN#Z) - 2) + 3(r(M) + T(fV#Z)) 

= 2x(M) -h 3 t(M) -h 2x{NifZ) + 3 t{N#Z) - 4. 

By the Chern-Gauss-Bonnet formula and the Hirzebruch signature theorem, if X 
admits an Einstein metric, we have 

2xlX) + 3rlX) = XI^(i + 2\W*f\ df,. 

By Proposition [T31 we have a strict inequality 

i + rfM.>|(2x(M) + 3r(M)). 

Thus, we have 

2x(M) + 3r(M) + 2x{N#Z) + 3r(iV#Z) - 4 > ^(2x(M) + 3r(M)). 

The proof is completed by rearranging terms. □ 


Theorem 17. Let M, N, and Z satisfy the assumptions in Proposition\^ or Propo- 
sitionUR If X := MffNffZ admits an anti-self-dual Einstein metric, then 

i (2x(M) + 3r(M)) > 4 - (2x(iV#Z) + 3r(iV#Z)). 

Proof. We hrst note that 

2x(X) + 3 t(X) = 2(x(M) + xiNffZ) - 2) + 3(r(M) + t{N#Z)) 

= 2x(M) -h 3 t(M) -h 2xiN#Z) + 3 t{N#Z) - 4. 


By the Chern-Gauss-Bonnet formula and the Hirzebruch signature theorem, if X 
admits an anti-self-dual Einstein metric, we have 


2X(^) 

We have a strict inequality 




'X 




1 


967r2 


Sq dg,g 


'X 


f si dpig > 72^2 (2^(m) + 3r (M)) = 96^^ . 3 ^ ^ 

*7 X 

which follows by the same method as in Proposition [15] using LeBrun’s curvature 
estimate @ and Lemma [TTl Thus, we have 


2x(M) + 3r(M) + 2x(iV#Z) + 3r(iV#Z) - 4 > ^(2x(M) + 3r(M)). 


The proof is completed by rearranging terms. 


□ 
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Example 18. Mumford constructed a compact complex surface K of general type 
that is homeomorphic to the complex projective plane m- Let M he a closed 
symplectic manifold with b+{M) > 2. Let Z he a connected sum of arbitrary 
positive number of 4-manifolds, each of which belongs to one of the following types: 

(1) X E, where E is a compact Riemann surface with positive genus, 

(2) X Y, where F is a closed oriented 3-manifold. 

Then, does not admit an Einstein metric if 

4 - 5(n + m) > {2x{Z) + ^riZ)) + i(2x(M) + 3 t(M)), 

and it does not admit an anti-self-dual Einstein metric if 

4 - 5(n + m) > (2x(F) + 3 t(Z)) + J (2x(M) + 3 t(M)) . 

We end this section by examining an equality related to Proposition llSl the proof 
of which is worth mentioning here although it will not play any role in our work. 

Proposition 19. Let tt: M —>■ M satisfy the the assumptions in Proposition^^ 
If there exists a Riemannian metric g on M that satisfies 

then {M,Tr*g) is a K3 surface or T'^ with hyper-Kdhler metric and the covering 
transformation of M is anti-holomorphic; moreover, M is an Enriques surface if 
M is a K3 surface. 

Proof. It follows from a similar argument as in pn Proposition 3.2] that (M, Tr*g) is 
a K3 surface or with hyperKahler metric, and that the covering transformation 
is anti-holomorphic. By “Donaldson’s trick” [U Section 15.1; E], we can show that 
there exists another complex structure on M compatible with TT*g for which the 
covering transformation is holomorphic; in particular, M is an Enriques surface if 
M is a K3 surface. □ 


6. Obstructions to long-time Ricci flows 


Recall that a long-time solution of the normalised Ricci flow is a family of Rie¬ 
mannian metrics that satisfies 


^g(t) = -2RiCg(t) + — 
ot ^ ’ m 


(ijLlEfffdMl] g[t) 
V Jx ) 


for t S [0,oo). Proposition [T5] also leads to a new obstruction to the existence 
of long-time solutions of the normalised Ricci flow with uniformly bounded scalar 
curvature (Cf. [lU Section 5]). 


Lemma 20. Let M, N, and Z satisfy the assumptions in Proposition\^ or Propo- 
sition \7M If X := MffNffZ admits a long-time solution of the normalised Ricci 
flow with uniformly bounded scalar curvature, then we have y{X) < 0. 


Proof. By Proposition El or Proposition [T^l X has a Pin“(2)-basic class; hence, 
y{X) < 0. Then, by [TJ Theorem A] and [301 Theorem 1.1], we have a Hitchin- 
Thorpe type inequality 

2x{x)-z\T{x)\>^y{xf. 

Thus, 2x(^) + 3t(X) > 0. Note that 2x{NffZ) -\- 3T{NffZ) < 0. Thus, we get 

2x(M) -b 3r(M) > 0. 
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By Proposition [T31 we have 

yiX) = -Is{X) < -327r2(2x(M) + 3 t(M)) < 0. 
This completes the proof. 


□ 


Theorem 21. Let M, N, and Z satisfy the assumptions in Proposition\^ or Propo- 
sition UM If X := MffNffZ admits a long-time solution of the normalised Ricci 
flow with uniformly bounded scalar curvature, then 

4 - (2x(iV#Z) + MNffZ)) < i (2x(M) + 3r(M)). 

Proof. By Lemma [201 we have y{X) < 0. Then, by [TH Proposition 5], we have 

sup minSg(j)(a;) < 0. 

ie[0,oo) 

Thus, by [8l Lemma 3.1], we have 

/ / dp.g(^t)dt <oo, 

JO Jx 

where we denote by r the traceless Ricci tensor. Hence, we have 


^m+l 


(3) 


lim 

m—¥oo 


fX 


\rg{t)\ dp.g^t)dt = 0. 


By the Chern-Gauss-Bonnet formula and the Hirzebruch signature theorem, we 
have 


2x(X) + 3r(X) = 


1 


’g(t) 

24 




fg(t)\ 


dfJ-g{t) 


for any t G [0,oo). Hence, we have 


^m+1 


(4) 2x(X) + 3r(X) = — 


lx 


’g(t) 

24 


+ 2|1T^ 


+ |2 r g(t) I 


g(t)i 


dfj-g(t) dt 


for any m S [0,oo). By ([O]) and (jH), we have 


2xiX) + 3 t{X) = lim 


^m+1 


47r^ 


^g(«) 

24 


]dtJ-g(i)dt. 


On the other hand, by Lemma [T5l we have 


1 


'X 


"g{t) 


24 


_ / ( ^ +2|1T+y ) d^g^,^ > -(2x(M) + 3r(M)) 


for any t G [0,oo). Thus, 


^m+1 


trr 

m—>-oo 47r'^ 


lx 


24 


dpig^t) dt > -(2x(M) +3t(M)). 


Consequently, we get 


2xiX) + 3 t{X) > -(2x(M) + 3r(M)). 


This completes the proof. 


□ 
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